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In this paper we are concerned with the convergence of semigroups 
of operators. The problem may be stated as follows: Let 
K&(t); t > %1,2,... b e a sequence of semigroups of operators of a 
specified class. Under what conditions is there a semigroup 
{T(t); t > 0} of the specified class such that T,(t) -+ T(t) strongly 
for each t > O? This problem was first introduced by Trotter [I] 
and then treated by Hasegawa [2] in the case of (C,)-semigroups, by 
Miyadera [3] in the case of (1, A)-semigroups on a Banach space, and 
by Kato and Yosida [4; Chap. IX, 121 and Oharu [5] for (C,)-semi- 
groups on a locally convex space. 
The purpose of this paper is to establish a theorem on convergence 
of (A)-semigroups and, as its simple consequences, theorems on 
convergence of (0, A)- and (1, A)-semigroups. The theorems are 
stated and the relations among them are studied in Section 1. Sections 
2 and 3 consist of proof of the main theorem (A). In Section 4, some 
variations of theorems are studied. 
It is well known that convergence of semigroups was introduced by 
considering finite difference approximations of the solution of a 
Cauchy problem. As noted by Phillips [6], (0, A)-semigroups are 
related to the abstract Cauchy problem. The theorem of convergence 
of (0, A)-semigroups is desirable for applications, however we shall 
not give any in this paper. 
The authors want to express their deep gratitude to Professor 
I. Miyadera for his many valuable suggestions. 
1. MAIN THEOREMS 
A one-parameter family of bounded linear operators {T(t); t > 0) 
on a Banach space X is called a semigroup, if 
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T(t) T(s) = qt + 4, t, s > 0, (l-1) 
Fi_n: T(t) x = T(to) x, to > 0, XEX. (1.2) 
0 
We define the in~nitesimalgenerator (i.g.) A0 of the semigroup {T(t)) 
by A’% = limh-t+o(T(h) x - x)/h, w h enever the limit exists, and the 
type by w. = lim,,,, t-l log (( T(t)jj . A semigroup {T(t)) is said to 
be of class (A) if X0 = ul,o T(t) [X] is dense in X and if there 
exists an wi > w. such that for each ;\, Re(h) > oi , there exists a 
bounded linear operator R(h) with the properties 
(a) R(4 x = .G ecAtT(t)xdt for XEXO, 
(b) sup(Il R(h)/l; JW) > 4 < + 60, 
(c) s-limA,+,; U?(X) = I. 
Further, if 
(d) Ji II T(t) x II dt < + 00, or (4 .fi II Wll dt < + ~0 
then it is said to be of class (0, A), or of class (I, A), respectively. 
The infinitesimal generator A0 of a semigroup of each class is 
densely defined and pre-closed, and its closure A is called the complete 
infinitesimalgenerator (c.i.g.). If A is the c.i.g. of an (A)-semigroup, 
then the resolvent R(X; A) exists for Re(X) > w1 and J?(X) = R(X; A). 
If {T(t)} is a (0, A)- or (1, A)- semigroup, then we may take wr = w. 
and the relation (a) holds for any x E X. We assume familiarity with 
these basic facts of semigroups; see Hille-Phillips [7]. 
Let us consider the problem on convergence of a sequence of 
semigroups {T,(t); t > O}n=1,2,3,... and denote by A, the c.i.g. of 
{m(t)}, in the following. Recently I. Miyadera [3] treated the problem 
in the following form: 
THEOREM (1, A). Let {T,(t)} be a sequence of (1, A)-semigroups 
which satisjies the following conditions : 





et /I Tn(t)ll dt < M, 
(II) for some ho with Re(h,) > y, s-limn+m R()I,; A,) = R(h,) exists 
as a bounded linear operator, 
(III) s-limh++so XR(A; A,) = I, uniformly in n. 
294 OHARU AND SUNOUCHI 
Then, (al) there exists a closed linear operator A which generates a 
(1, A)-semigroup (T(t)} and R(X,) = R(h,; A); 
(b) s-lim,,,, T,(t) = T(t) for t > 0, 
and the convergence is uniform on every compact subinterval of (0, GO); 
(cl) Ju” e-y” I( T(t)// dt < M. 
Remark 1. Miyadera’s statement is slightly different from this, 
but the equivalence will be shown in Section 4. 
The main purpose of this paper is to generalize this theorem to 
(A)-semigroups and to obtain, as its consequence, theorems on con- 
vergence of (0, A)- and (1, A)-semigroups. 
THEOREM (A). Let {T,(t)) 6 e a sequence of (A)-semigroups which 
satisfies 
(I) for any t > 0 and x E X, supn /j T,(t) x (/ < -t 00, and there 
exist a positive number L and a real number y such that 
S",P l/R& &Jll bL, fw Re(4 > Y, 
and conditions (II) and (III). 
Then, (a) there exists a closed linear operator A which generates an 
(A)-semigroup {T(t)) and R(h,) = R(h,; A); 
(b) s-limn-tm T,(t) = T(t), for t > 0, 
and the convergence is uniform on every compact subinterval of (0, KJ.) 
THEOREM (0, A). Let (T,(t)) be a sequence of (0, A)-semigroups 
which satis$es 
(I,,) for any t > 0 and x E X, supn j/ T,,(t) x // < + co, and there is 
a real number y such that 
J 
2 
SUP e-Yt /I T,(t) x I/ dt < M, , for x E X, 
n II 
and conditions (II) and (III). Then, 
(a,,) there exists a closed linear operator A which generates a (0, A)- 
semigroup {T(t)} and R(X,) = I?(&,; A); 
P) s-limndm T,(t) = T(t), for t > 0, 
and the convergence is uniform on every compact subinterval of (0, a~); 
(co) JYT e-ytjl T(t) x j[ dt < M, , for x E X. 
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The proof of Theorem (A) will be given in Section 3, because it is 
complicated and lengthy. Assuming Theorem (A), we shall prove 
Theorem (0, A) and Theorem (1, A) in this section. These proofs 
will clarify the relations among the various forms of the conditions (I). 
First of all, we shall prove 
LEMMA 1. Condition (I,,) of (0, A)-semigroups implies that 
{h; Re(X) > y} is contained in the resolvent set of each A, and the 
condition (I) of (A)-semigroups. 
Proof. Set R,(h) x = Jr eeA *T%(t) x dt, which is well defined for 
x E X and Re(/\) > y, by condition (I,). Then 
!I 4&q x II < J‘,” e-RefAjt il T,(t) .2: I/ dt 5: syp 1, e-Yt // T,(t) x // dt < + CO 
for each x E X. Thus the’ resonance theorem yields that there is a 
positive number L such that sup,% /IR,(A)II <L for all Re(A) > y. 
It is sufficient to show that {h; Re(h) > r} is contained in the resolvent 
set of A, and R,(h) = R(h; A,) f or any n. But this is easily seen by 
the argument of [7; Theorems 11.5.1 and 11.5.2.1. 
Thus the semigroups {T,(t)} of Theorem (0, A) satisfy the condi- 
tions of Theorem (A). Let us now assume Theorem (A), then we 
obtain an (A)-semigroup {T(t)}, which is a limit {T,(t)}. The proof 
of Theorem (0, A) will be completed by showing that (T(t)} is of 
(0, A)-class, that is, 
1 ’ II T(t) x II dt -=c + ~0, and i m e-y’ /I T(t) x /I dt < h4’$ .0 0 
But these are obvious, because, from (b) of Theorem (A), 
/I T(t) x II < lim inf It T&)x /I 
for each t > 0, and 
e-yt I/ T(t) x // dt < lim inf cc c”~ /I T&)x I/ dt 
0 0 
for each x E X, by Fatou’s lemma. 
Next we prove Theorem (1, A) as a consequence of Theorem (0, A). 
For this purpose we show that condition (II) implies condition (I,,) of 
(0, A)-semigroups. This will be seen by taking p)(t) = 11 T,(t)ll in 
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PHILLIPS’ LEMMA ([7; p. 2421). Assume that y(t) (> 0) is measur- 
able in (0, co), q(s + I) < y(t) * v(s) and Jr e-Y+(t) dt < M. Then 
q(t) < M$ for t 10. 
Thus we know that the semigroups {T,(t)) of Theorem (1, A) 
satisfy the conditions of Theorem (0, A). From Theorem (0, A), we 
obtain the limit semigroup {T(t)) of class (0, A). It suffices to show 
that this is of class (1, A) and Jr eprf // T(t)/1 dt < M. These are 
obvious, because (/ T(t)l( is measurable in t > 0 and 
[m e-Yt 11 T(t)11 dt < lim inf 1% e-yt j( T,(t)11 dt < M, 
JO 
by Fatou’s lemma. 
Jo 
2. REDUCTION TO THE CASE OF NEGATIVE TYPE 
Before giving the proof of Theorem (A), we shall reduce the 
theorem to the case of semigroups of negative type by considering the 
equivalent semigroups (e- boot,}, where ‘yO ( > 0) will be chosen by 
the following considerations. This enables us to use the generation 
theorem of (A)-semigroups of negative type (Hille-Phillips [7; Theo- 
rem 12.5. I]). 
LEMMA 2. Assume condition (I), then there are a number y’ and a 
nonnegative, nonincreasing function #(t) of negative type such that 
“Y e- Y’t II Tn(f)ll G #(th 
for t > 0. 
Here the function 4(t) is said to be of negative type, if 
lirn:zp t-l In t/(t) < - v < 0. 
Proof. Take a number p and consider 
&(t> = ;;t ““,P e-uL(t+o) II Tn(t + 411 , t >o. 
If it can be shown that for some pL, $Jt) < + co for each t > 0, then 
by putting y’ = p + v with some v > 0, #(t) = &s(t) is clearly non- 
negative, nonincreasing and lim sup t-l In $(t) < - v < 0, that is, 
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z/~(t) is of negative type. Thus it suffices to prove the existence of a 
number p such that #Jt) < + co at each t > 0. The assumption (I) 
implies that for each t > 0, g(t) = supn // Z’,(t)11 < + 00 by the 
resonance theorem. Evidently g(t) is measurable and submultiplicative, 
therefore, g(t) is bounded on each finite subinterval of the form 
[f, l/c] C (0, co), and lim,,, t-l lng(t) < + co, (see [7; VIII, Section 
7.41). Hence, if T is sufficiently large, there is a p such that 
supn e-al /I Tn(t)jl < 1 for t 3 T. Thus #Jt) < + co at each t > 0. 
Q.E.D. 
Let y,, = max{y, r’}, where y is the number given in the condition 
(I) and y’ is the one obtained by Lemma 2. Then, considering the 
equivalent semigroups {e-~o”T,(t)}, which will be denoted by the 
same symbols {T,(t)}, the theorem is reduced to the following form: 
THEOREM (A-). Let {T,(t)} be a sequence of (A)-semigroups which 
satisjies the conditions 
(I-) there is a non-negative, nonincreasing function #(t) of negative 
type, such that 
and there is a positive number L such that 
s;pl/ R(h; &)I1 <L for WA) > 0, 
(II-) for some A, with Re(X,) > 0, s-lim, li(h,; A,) = R(;\,) exists as 
a bounded linear operator, 
(III) s-lim,,, AR(X; A,) = I, uniformly in n. 
Then there exists a closed linear operator A which generates an (A)-semi- 
PUP W)l f g t o ne a ive type and the conclusions of Theorem (A) hold 
true. 
We shall prove Theorem (A-) in the next section, 
3. PROOF OF THE THEOREM 
In this section we shall prove Theorem (A-) by the following 
successive lemmas. Throughout this section, we assume the conditions 
of Theorem (A-). 
LEMMA 3. Under the assumptions of Theorem (A-), we have: 
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(a) there is a positive number K such that 
Ii hR(X; ‘4,)l S. h, for x 30; 
(b) for every h with Re(h) > 0, s&m,,-, R(h; A,) = R(X) exists as a 
bounded linear operator; 
(c) there is a closed linear operator A scuh that R(X) = R(h; A) fdr 
all h with Re(X) > 0. Moreover, s-lim,,,, XR(h; A) = I (consequently, 
A is densely defined). 
Prooj. Condition (III) states that for any x E X, XR(X; A,) x -+ x 
uniformly in n, and so, the resonance theorem yields (a). The remain- 
ing parts of the proof are similar to Kato [8; Theorem IX, 2.17, 
p. 5031. 
Thus we obtain a closed linear operator A with a dense domain, 
and obviously j\ R(h; A)11 = 0(1/h) as h + 00, (/ R(X; A)\[ < M for 
Re(X) > 0. If the following lemma is proved, then the generation 
theorem of (A)-semigroup (see [7; Theorem 12.5.11) is applicable, 
and this operator A generates an (A)-semigroup (T(t)} of negative 
type and 
R(A; A) s = J‘: e-“tT(t) x dt for Re(h) > 0 and x E D(P). 
LEMMA 4. Let A be the operator obtained by Lemma 3(c). Then 
for each x E D(A2), each S’, S with 0 < 6’ < S and each c > 0, there is 
a positive number CL,, z pO(x; 6, S’, S) such that if h > p. and k > hS, 
then 
11 PR(h; ,4)” s /I < {#(S’) + c} 11 x I/ . (3.1) 
Proof. Let X0 be a fixed positive number. By Lemma 3 and (I-), we 
see that for a fixed h > 0 and a fixed integer k, 
PR(X; A,)“’ R(X,; A,)” x - X”R(X; A)k R(h,; A)2 x 
strongly as n --f co for each x E X. It is obvious that 
(3.2) 
for every h with Re(h) > 0. From (I-) we have 
(k J I)! s 
m 
e-rtt’i-l // T,(t) I?@,,; A,)2 x 11 dt < kk#(S’) (1 I&; A,J2 x 11 , (3.3) 
8’ 
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for any 6’ > 0. On the other hand, 
T%(t) I?(&; k&J2 x = & j”+@ eAtR(h; A,) An2R(&; 4J2 x g 
n-iia 
for x E X and t > 0, where - l/L < rl < 0 (see Hille-Phillips [7; 
(12.59) p. 3751. F rom these representations and the assumption (I-) 
we see that 
N(x) = sup{II T,(t) R(X,; A,)2 “V II; t > 0, n} < + co. (3.4) 
Thus for each x E X, 
(k 2 l)! I 1 
e-W’-l /I T,(t) R(h,; A,J2 x // dt < Hal), 1”” e-V+l ds. 
* 0 
(3.5) 
Let 6 > 8, q = S’/S < 1 and k > X6, then we have 
(see [7; (12.5.6), p. 3741). Combining (3.3) and (3.5), we obtain 
Let us now take any x E D(A2), any pair a’, 8 with 0 < 6’ < 6 
and any E > 0. If x = 0, then (3.1) is evident. If x # 0, then 
x = R(X,; A)2y for some y E X. By (3.6), we have 
Let p&x; C, a’, 8) = N(y) q/d I/ x I/ (1 - q)2. Then the second term 
of the right side is majorized by E I/ x (1 for X > p. and k 3 A& Thus 
we get (3.1). Q.E.D. 
LEMMA 5. Let A, > 0, then for each x E X, there is a positive 
number K(x), independent of n, such that 
Ii T,(t)R(~o;A,)4s-~-(~~A”]-hR(~o:A,)’xi~41C(x)~. (3.7) 
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Remark. The above inequalities (3.7) show, for n = 1 in particular, 
that for each ?c E X there is a positive number K(x) such that 
ji T(t)R(h,; A)” x - p - ($1 A]-” I+,; J4 x /i < K(x) ; (3.8) 
for an (A)-semigroup {T(t)} of negative type. This explicit estimate 
seems to be new even for a (0, A)-semigroup. 
Proof. From (3.2) of Lemma 4, for any h with Re(h) > 0, any 
positive integer 4, 5 > 0 and s E X, we have 
R(h; A$ T,(s’) A,%(X,; A,)4 x 
r. 
=@iyo s 
ecAtPIT,(t) T,(t) An2R(ho; A,)” x dt (3.9) 
=&!. s 
ori 
ewAttq-lTn(t + 5) R(h,; &J2 An2R(Xo; k&J2 x dt, 
for all n = 1, 2, 3 ,... . Thus, similarly to the estimate (3.4) of Lemma 
4, we see that for each x E X there is a positive number K(x), inde- 
pendent of t, .$ > 0 and n, such that 
II TrL(t + E) wo; &Y 4a2wo; -Q2 x II e k’(x). 
Substituting this into (3.9), we have 
II R(h; A,)U T,(t) hL2~(41; J&J4 x II < Q) x-q, (3.10) 
for 5 > 0, n = 1, 2, 3,..., Re(X) > 0 and 4 = 1, 2, 3 ,... . On the other 
hand, we have the following estimate: 
II 
T,(t)R(ho;A,)4x - [I- (+,]-“R(Ao;A,)q 
< y 1; [1 - ($) &]--I’+ T, (+) R(X,; AJ4 x 
i=o 
- [I - (+), A,]-(k-i-l’ T, [ + ; ‘) ] R(h,; A,)4 x /j 
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where 
- T,(T)/ [I - ($) A,]-‘k-i) A,R(A,; A,)4 x 
= jtti+“‘” T,(f) p - (+j A,]-‘k-i’ An2R(/\,; AJ4 x df. 
II 
By using the estimate (3.10), 
and so, 
for all 1z = 1, 2, 3 ,... . Q.E.D. 
LEMMA 6. s-limn+oo T,(t) = T(t) for each t > 0, and the conver- 
gence is un;form on every compact subinterval of (0, CO). 
Proof. Let A, be a fixed positive number. Take any x E X and 
Put 
Jn = T,(t) R(&; A,J4 x - T(t) R(h,; A)4 x. 
Then we have 
II Jn II < /I T,(t) R(4,; 4J4 x - k - ($j A.j-k R(h,; A,J4 x 11 
+ /I (I- ($) An)-’ VW,; AJ4 x - R(&; A)4 x] /I 
+ 1) [(I- (+) A,)-’ - (I - ($) A)-k] R&,; A)4 x /) 
+ 11 (I- (fj A)-’ R&,; A)4 x - T(t) R(h,; Ar x j; 
< 2K(x) f + Kk 11 R(X,; A,J4 x - R(h,; A)4 x 11 
+ /I [(I - (+) &-k - (I- (+) A,-“] R&; Al4 x jj , 
where K is a constant of Lemma 3(a). 
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for any k. This means that 
pi Tn(t) R(h,; A,)4 x = T(t) I+,; A)4 x. 
This convergence is uniform on each interval of the form [E, l/c], 
because {T,(t) R(X,; A,)” x; n} is equicontinuous on each [.z, l/e]. Since 
X, was arbitrary in (0, 03) and h4R(X; A,)4 x -+ x as X + + co for 
each x E X, uniformly in n, we have the assertion by (I-). Q.E.D. 
Thus we obtain the proof of Theorem (A-). 
4. REMARKS 
In this section we shall study some variations of the convergence 
theorem which are convenient in applications. 
1. The following condition is known as the consistency condition 
in the finite-difference method: 
(II’) there is a closed linear operator A and a dense subset D 
contained in the domain of A, , such that 
(i) the closure of restriction of A to D equals to A, 
(ii) limn+= A,x = Ax for x E D. 
It is well-known that, under condition (I), (II) follows from (II’), 
provided the resolvent set p(A) intersects the half plane {h; Re(h) > r>, 
Therefore condition (II) may be called the consistency condition. 
Proof of the above fact may be found in Kato [8; Theorem VIII, 
1.5, p. 4291. (In the case without closedness assumption of A, see, 
M. Hasegawa [2] and I. Miyadera [3; Theorem 3.31). 
When we employ this condition, theorems will be stated as follows: 
COROLLARY 1. Let (T,(t)} be a sequence of (A)- (or (0, A)-)semi- 
groups which satisJies conditions (I) (or (I,,)), (II’) and (III), and assume 
that the resolvent set of A intersects {A; Re(A) > y>, then the conclusions 
of the respective convergence theorem hold true. 
2. As noted after Theorem (1, A), Trotter [1] and Miyadera [3] 
state the theorem in a slightly different way, which may be written 
as follows: 
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COROLLARY 2. Let {T,(t)) be a sequence of (A)-semigroups which 
satisfies conditions (I), (II) and 
(III’) there is a positive number K such that 
IIM(A;A.,)l(<K forX>y, n=l,2,3 ,...) 
(III”) R(X,) [X] is dense in X, 
then the conclusions of the convergence theorem hold true. 
The equivalency of this to Theorem (A) is shown by the following 
LEMMA 7. Under conditions (I) and (II), condition (III) is equivalent 
to conditions (III’) and (III”). 
Proof. (III) implies (III’) and (III”) was already shown in Lem- 
ma 3. Therefore it suffices to prove the converse. Take any 
x E R(X,) [Xl, then x = R(X,) y for some y E X and 
+ by4 4) - 4 w+l; 4 Y + N&J; 4JY - wl)Yl~ 
hence 
Take any E > 0. Then by (II) there is an no such that 
1) I?(&; A,) y - R(h,) y /I < E/~(K + 1) for n 2 n, . Since 
II 4~o(o; 4) Y II = II WWo; &) y - Y II < (K + 1) II Y II , there is a 
h, such that K(K + 1) 11 y I]/;\ < e/4 for h >, h, . On the other hand, 
s-lim ,l++rn Wk 4) = 1 f or each n, and so, there is a ha 3 A, such 
that supnGn, 11 XR(X; A,) x - x (1 -=c e/2 for h > A, . Thus we have 
sup= I( M?(h; A,) x - x I( < 6 f or all h 3 X, , which implies (III). 
Q.E.D. 
3. The estimate (3.8) of an (A)- semigroup, given in the remark of 
Lemma 5, may be used to obtain the exponential formula of an (A)- 
semigroup in the following form: for any 3c E D(A2), 
T(t)x = $2 (I - $A)-"x, for t > 0, 
and the convergence is uniform on each interval of the form [E, l/c]. 
This is apparently new and interesting in itself. 
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Outline of the proof is as follows: Approximate x E D(A2) by 
p2R(p; L4)2 s E D(A4) (p -+ oo), and put z, = ~zR(~; .FI)2 x - X. Then 
:G I/ T(t) x - T(t) pzR(p; A)2 x lj 
+ 11 T(t) p2R(p; A)2 x - (1 - + A)-/’ $R(,.L; ~12 x jr 
Hence the essential estimate we need is 
where t > 6 > 8’ > 0, q = S’jS and 
w4 = SUPill w XLL II; t > 0, sufficiently large p} < + co. 
This is very similar to and proved as (3.6), and the proof can be 
completed with some calculations. 
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